Testing Hardy nonlocality proof with genuine energy-time entanglement 
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We show two experimental realizations of Hardy ladder test of quantum nonlocality using energy- 
time correlated photons, following the scheme proposed by A. Cabello et al. [Phys. Rev. Lett. 102, 
040401 (2009)]. Unlike, previous energy-time Bell experiments, these tests require precise tailored 
nonmaximally entangled states. One of them is equivalent to the two-setting two-outcome Bell test 
requiring a minimum detection efficiency. The reported experiments are still affected by the locality 
and detection loopholes, but are free of the post-selection loophole of previous energy-time and 
time-bin Bell tests. 
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I. INTRODUCTION 

A loophole-free violation of a Bell inequality would 
prove the impossibility of describing nature in terms of 
local hidden variable theories [1], and the possibility of 
eternally secure communications [2]. Among all versions 
of Bell's proof, Hardy's [3, 4] is probably the simplest. 
In addition to simplicity, Hardy's has one interesting fea- 
ture: it only works for nonmaximally entangled states, 
which are precisely the best candidates for a photonic 
loophole- free experiment with inefficient detectors [5, 6]. 
To be more specific, the experimental realization of the 
two-party, two-setting, two-outcome Bell test with mini- 
mum required detection efficiency, assuming that all de- 
tectors have the same efficiency [5, 6], is equivalent to a 
test of Hardy proof. 

Standard energy-time and time-bin Bell tests (e.^., [7]) 
suffer from a specific loophole called the post-selection 
loophole [8, 9], which can be avoided using a scheme in- 
troduced in [9]. Energy-time Bell experiments without 
the detection loophole and maximally entangled states 
have been recently performed using this scheme [10]. 
Moreover, the scheme can be applied to nonphotonic sys- 
tems [11] and can be extended to multipartite scenarios 
[12]. 

The aim of this work is to show that energy-time en- 
tanglement can also be used to produce Hardy-type vio- 
lations of Bell inequalities free of the post-selection loop- 
hole, as a preliminary step towards a loophole- free Bell 
test with photonic random destination sources [13]. The 
two experiments reported in this paper will also show 
the feasibility of energy-time entanglement for produc- 
ing nonmaximally entangled states which are essential 
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for some quantum key distribution protocols [14]. 



II. HARDY PROOF 

Hardy proof of nonlocality [3, 4] can be summarized 
as follows. Let us consider two observes, Alice and Bob, 
measuring dichotomic (with outputs —1 and 1) observ- 
ables. Alice measures ao and ai, while Bob measures 
6o and hi. Let us define P{ai^bj) as the joint probabil- 
ity of obtaining = 6j = 1, and P(ai^hj) as the joint 
probability of obtaining = — 1 and hj = 1. For any 
local hidden variable theory with (i) P{ao^bo) = 0, (ii) 
P(ao,6i) = 0, and (iii) P(ai,6o = 0), the probability 
P(ai,6i) must be equal to zero. However, for any non- 
symmetric pure entangled state, it is always possible to 
find observables ao, ai, 6o, and bi such that (i), (ii), and 
(iii) are satisfied, while (iv) P(ai,6i) ^ [15]. P(ai,6i) 
is known as "Hardy fraction". This provides a proof of 
impossibility of describing quantum mechanics with local 
hidden variable theories. 

As it was showed by Garuccio and Mermin [16, 17], 
Hardy proof can be put in a more generalized framework 
writing it in terms of the following inequality: 

Si = P{aiM) - P{ao, bo) - P(ao, bi) - P(ai, 6o) < , 

(1) 

which holds for any local hidden variable theory, for any 
choice of observables. In this generalized version, there is 
no need for vanishing terms in the experimental test, it is 
only required that the left hand side of Eq. (1) overcomes 
the sum of terms on the right hand side. Nevertheless, 
the interesting feature of Hardy's argumentation lies in 
the fact that once one has proven that the probabilities 
on the right hand side of the Garuccio-Mermin-inequality 
are null, the detection of just one pair of photon, at the 
output ai = 1 and 6i = 1 is enough to refute the lo- 
cal behavior of nature. However, in realistic conditions. 
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measuring a null probability is not trivial as it is dis- 
cussed in Ref [16], and the generalization of Hardy test 
to the Bell-type test based on the Clauser-Horne (CH) 
inequality [18] is unavoidable. 

The inequality given in Eq. (1), is the CH inequality 
for an experiment where the following conditions hold: 

(a) The quantum efficiency of the detectors is = 1, and 

(b) photons pairs impinge into the detection apparatuses. 
Therefore, Hardy proof can be seen as a special case of a 
Bell test based on the CH inequality. This can be easily 
demonstrated. Taking into account the above detection 
conditions, it comes out that the probabilities of single 
photon detections are given by 

PA{a^) = P{a^,bj)^P{a^,bj) (2a) 
Psibj) = P{a,, bj) + P(a„ bj), (2b) 

with z,j = 0,1. For the experimental setup being con- 
sidered, the CH inequality can be written as 



P(ai, 6i) + P(ao, bi) + P(ai, 6o) - ^(^0, ^o) 
-PA(ai)-Ps(6i) <0, 



(3) 



which turns to be Eq. (1), when one replaces the marginal 
probabilities (2b) into Eq. (3). It is also worth to men- 
tion that, under these conditions, the CH inequality is 
equivalent to the Clauser-Horne-Shimony-Holt (CHSH) 
inequality [19]. Therefore, Hardy proof can also be seen 
as a particular case of the nonlocality tests based on the 
CHSH inequality. Indeed, any experimental setup pre- 
pared for testing the CHSH inequality, can also be used 
to test Hardy proof if the degree of entanglement of the 
state being generated can be manipulated. 

Hardy proof can be generalized by considering a system 
in which, having defined K-\-l dichotomic observables 
and bk (/c = 0, . . . , i^), the following probabilities hold: 



P{ak-i,bk) = 
P{ak,bk-i) = 



1,...,K 



(4) 



When K is larger than 1, the test can be interpreted as 
a chained violation, and can be represented as a ladder 
[20, 21] on which each step implies the one below (see 
Fig. 1). 

Let us consider, for example, K = 2. If the first equa- 
tion in (4) holds, then there exists a nonzero probabil- 
ity that both a2 = 1 and 62 = 1 occur. The second 
and third equations in (4) state that the probabilities of 
a2 = 1 and 61 = — 1, or ai = — 1 and 62 = 1 are zero. 
In this case, ai = 1 and bi = 1 should have been ob- 
served. The same applies to the lower step, reaching in 
this way the bottom of the ladder. At this point, we 
obtain that both ao = 1 and bo = I should have been 
measured, and thus the probability P(ao,6o) should be 
different from zero. In local theories P(ao,6o) should be 
at least equal to P(ax = 1,^k = 1)- If there exist a 
system in which this probability is vanishing, a classical 
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FIG. 1: Ladder proof schemes for K — 1 and K — 2. 



theory would not be able to describe the system, and the 
Hardy inequality would be violated. A system like that 
can be implemented by the setup shown in the next Sec- 
tion. It can be tested by generalizing Eq. (1) for the 
ladder proof case: 



Sk =P{aK, bx) - P(ao, ^0) 



K 



-^[P{akM-i) ^ P{ak-ubk)] <0. 



(5) 



k=l 



III. EXPERIMENT 

A. Energy-time Hardy test 

A Hardy test can be, in principle, implemented by us- 
ing any entangled state, except the one which is maxi- 
mally entangled. Our capacity to generate two photons 
correlated in the energy-time degree of freedom in par- 
tially entangled states, and the ability to detect them 
with controllable interferometric techniques allows for 
implementing a Hardy test with the experimental setup 
of Fig. 3. Let us consider the energy-time state of two 
down-converted photons |<I>) = alSASs) + P\LaLb) and 
define the following + 1 spatial measurement basis, in 
each direction A^, P/c, where /c = 0, . . . , K: 



\Ak) = cos Ok\S) ^ sin Ok\L), 
\Ai) = smOk\S)-cosOk\L), 
\Bk) = cos6>fc|^)+sin6>fe|P), 
\Bi)=smek\S)-cosek\L). 



(6a) 
(6b) 
(6c) 
(6d) 



Let us define the operators ak {bk is defined similarly) 
having outcome 1 or —1 when the state \Ak) or \A^) is 
respectively detected. In order to prove nonlocality we 
need to satisfy the conditions written in (4). That is, 

P{aK,bK) = \{AK\{BKm\^ ^0, (7a) 
P{ak-i,bk) = \{Ai_,\{BkM^ = 0, (7b) 
P{ak,h-i) = \{Ak\{Bi_,m^ = . (7c) 
Moreover, we need that the following condition holds: 

P{ao,bo) = \{At,\{Bt,m' = 0, (8) 
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FIG. 2: scheme needed to implement a Hardy test using 
energy-time entanglement. 
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FIG. 3: Experimental setup. A step-by- step translation 
stage allows us to create the indistinguishability condition 
(La — Sa = Lb — Sb)- Coincidence windows is 3ns and, due 
to continuous wave pumping, the probability of two photon 
pair events is negligible. Interference filters select a band- 
widths of 3.5 nm. The radiation is coupled into single- mode 
optical fibers and sent to pigtailed avalanche photo-counting 
modules connected to a circuit used to record the single and 
the coincidence counts. The phase of the interferometer can 
be controlled using a piezoelectric stage on which PBS2a is 
assembled. 



The values of 6k solving the previous equations are given 
by the relations: 



sinOk = (-1) 



1 



(9) 



with t = a//3 related to the degree of entanglement. The 
Hardy fraction P{aK, bx) is then given by 



P{aK,bK) = 



(i2if+i +1)^(1 + ^2) 



(10) 



When K = 1 [K = 2), this function is maximized at 
t = tlc^ 0.46 {t = t^o^ 0.57) with value P{ai,bi)max ^ 
0.09 {P{a2M)max ^ 0.17). When K = 1, only 9% of 
particles violates locality, but this fraction can be ampli- 
fied using a higher value of i^. It has been shown in fact 
that when K — > oo, P{aK^hK)max — > 50% [20]. 
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FIG. 4: Generation of nonmaximally entangled state (a) and 
projection on the measurement basis (b). This setup is re- 
peated on both modes A and B, and is used to generate 
a nonmaximally entangled state and project on the desired 
base, as described in the text. 



B. Experimental setup 

We generated energy-time correlated photons by spon- 
taneous parametric down-conversion (SPDC) [22, 23]. A 
1 mm /3-barium borate crystal (BBO) shined by an UV 
laser beam generated pairs of photons at wavelength 532 
nm. The emission time of each pair is unpredictable due 
to the long coherence length (> 1 m) of the pump laser 
beam. The two photons generated with horizontal polar- 
ization are sent through two unbalanced interferometers 
as shown in Fig. 3. As it will be discussed shortly this 
is a modified version of the interferometric scheme previ- 
ously used by us [10]. As for the setup previously used, 
the geometry of these interferometers has been showed 
to allow for more genuine tests of quantum nonlocality 
with energy-time correlated photons [9]. In this case, 
even though the experiment is still constrained by the 
locality and detection loopholes [24], it is not necessary 
to assume any other auxiliary assumption for validating 
it as a conclusively Bell test [1]. These interferometers 
are unbalanced and so one can refer to their arms as 
short {S) and long (L). The optical paths followed by 
the down-converted photons are such that coincidences 
between detectors Da and Db are measured only when 
they both propagate through the short or long photon 
paths. 

In order to perform a Hardy test, nonmaximally en- 
tangled states are needed, and it is also possible to use 
just two detectors instead of the four used in the previ- 
ous experiment [10]. The new scheme is shown in Fig. 
2: variable beam splitters {VBS1a,b) are used on both 
modes in order to prepare the non maximally entangled 
state: 



a\SASB)^P\LALB)- 



(11) 



In this way, the ratio t = a/ j3 can be controlled by using 
the following relation between the transmittivities {Ta 
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TABLE I: Experimental probabilities needed to violate the 
inequality Sr < for K — 1 and K — 2. The reported data 
are obtained with the value of t that maximize the violation, 



P(ai,bi) 

0.10 



namely t — 


tl ^ 0.46 for K = 


1 and t = ^2 


0.57 for K = 2. 


U.Uo 


K = 


1, t = t^ 


K 


= 2, t = t2 




0.095 ± 0.005 


P{a2M) 


0.170 ±0.008 


0.06 




0.005 ± 0.001 


P{a2,bi) 


0.007 ± 0.002 






0.005 zb 0.001 


PiaiM) 


0.009 ± 0.002 


0.04 


P{ao,bo) 


0.007 ±0.001 


P{aiM) 


0.009 ± 0.002 




Si 


0.078 ± 0.005 


P{ao,bi) 


0.009 ± 0.002 


0.02 






P{ao,bo) 


0.011 ±0.002 








S2 


0.124 ±0.009 


0.00 



and Tb) and reflectivities {Ra and Rb) of VBS1a,b and 
t: 



TaTb 



a 

RaRb ^ " 



(12) 



The two VBS2a,b can be used to project into the states 
of Eq. (6a)- (6d), providing that their transmittivities 
and reflectivities are linked to Ok being ^/R = sin 0^ and 
Vt = cosek. 

In Fig. 3 we show the setup we actually used for the 
experiment. It is equivalent to the one shown in Fig. 2 
but it doesn't use variable beam splitters. 

The VBSs used to prepare the state, namely VBS1a,b^ 
are implemented in the way shown by the scheme of Fig. 
4a): the polarization of both photons A and B is changed 
by a half wave plate (HWPl) and then by a polarizing 
beam splitter (PBSl) each photon is splitted in the long 
and short paths. After the PBSl we will have on each 
mode, in transmission, the state: \S)\H)^ while on re- 
flection, the state: By rotating HWPl, one can 
change the amount of light being reflected and transmit- 
ted, allowing to create a nonmaximally entangled state. 

To implement the two VBS2, we used the scheme re- 
ported in Fig. 4b): since the IS*) (|L)) mode is horizon- 
tally (vertically) polarized, any state encoded into the 
energy-time degree of freedom is converted into polariza- 
tion encoding by the PBS2. Then the projection on the 
desired state can be implemented by standard polariza- 
tion analyzer (HWP2 rotated at Ok/2 and PBS3). 



C. Experimental results 

Our experiment aimed at the violation of the Hardy 
inequality (5) for iiT = 1 and K = 2. For this purpose, 
we measured the probabilities described by equations (7) 
and (8) as: 



P = 



C {ai — a, bj — 
Ctot 



(13) 



where are the directions required, and a, /3 = —1,1 
as previously specifled. C {ai = a, bj = P) is the num- 
ber of coincidences obtained measuring on the projected 




FIG. 5: Experimental results for K=l. This two graphs show 
the result obtained for the one-step ladder proof. The first 
one shows the agreement between the data and the theoreti- 
cal prediction (continuous line) for the probability P(ai,6i). 
The second one shows the obtained values of Si compared to 
the theory (continuous line). The dotted line represents the 
classical bound: when Si is greater than the inequality (1) 
is violated. 



state needed for both modes, while Ctot = C (i7, H) ± 
C {V, V) ± C {H, V) ± C (F, H) is the sum of the number 
of coincidences over all the possible outcomes in the base 

In table I we show the experimental probabilities ob- 
tained for K = 1 and K = 2 when t = tl and t = 
respectively. In Figs. 5 and 6 we show the probabili- 
ties obtained ioi K = 1 and K = 2 ioi different values 
of t = a/f3. Each flgure shows the graph of the experi- 
mental P{aK-, bx) compared to the theoretical values de- 
scribed by equation (10) and the graph of the inequality 
violation Sr deflned in (1) and (5). The obtained values 
of Pf^ax^hx) are in good agreement with the theoretical 
predictions for both K values. The inequality is not vio- 
lated for large values of t, t > 0.8 (see Fig. 5 and 6). This 
can be due to the imperfect experimental visibility. In 
fact, we measured V ~ 96% when the state is maximally 
entangled {t = 1). However, this value is not enough 
to allow the probabilities P(a/e, 6/^-1 ), P(ak-i^hk) and 
P(ao,6o) to vanish completely. This feature is more evi- 
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dent when the degree of entanglement increases since, in 
this case, the \SS)/\LL) interference is more important. 



IV. CONCLUSIONS 

Recently introduced schemes for energy-time and time- 
bin entanglement can be improved for a Bell test with 
nonmaximally entangled states free of the postselection 
loophole. The important point is that these tests are less 
demanding in terms of detection efficiency than those 
based on maximally entangled states (which were the 
states used in previous Bell tests with energy-time and 
time-bin entanglement), even when the postselection is 
taken into account [13]. The experiments reported in 
this paper still suffer the detection and nonlocality loop- 
holes, but show the feasibility of energy-time Bell tests 
with nonmaximally entangled states and free of the post- 
selection loophole. 

In addition, the ability for projecting energy-time cor- 
related photons in this more general set of projections 
may also have other important applications. It could be 
useful for entanglement witnesses, quantum tomography, 
and for some cryptographic protocols requiring nonmax- 
imally entangled states. 



FIG. 6: Experimental results for K=2. The results obtained 
for a two-steps ladder proof are shown. As in the previous 
figure, in the first one is reported the probability P(a2,^2) 
along with the theoretical function, while in the second there 
is the inequality violation. When S2 is greater than the 
inequality (5) is violated. 
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